Electronic Structure of Bilayer Graphene: A Real-space Green's Function
  Study by Wang, Z. F. et al.
ar
X
iv
:c
on
d-
m
at
/0
61
24
83
v1
  [
co
nd
-m
at.
mt
rl-
sc
i] 
 19
 D
ec
 20
06
Eletroni Struture of Bilayer Graphene: A Real-spae Green's
Funtion Study
Z.F.Wang,
1
Qunxiang Li,
1, ∗
Haibin Su,
2
Xiaoping Wang,
1
Q.W.Shi,
1, †
Jie Chen,
3
Jinlong Yang,
1
and J.G.Hou
1
1
Hefei National Laboratory for Physial Sienes at Mirosale,
University of Siene and Tehnology of China,
Hefei, Anhui 230026, People's Republi of China
2
Shool of Materials Siene and Engineering,
Nanyang Tehnologial University, 50 Nanyang Avenue, 639798, Singapore
3
Eletrial and Computer Engineering,
University of Alberta, AB T6G 2V4, Canada
(Dated: September 11, 2018)
Abstrat
In this paper, a real-spae analytial expression for the free Green's funtion (propagator) of
bilayer graphene is derived based on the eetive-mass approximation. Green's funtion displays
highly spatial anisotropy with three-fold rotational symmetry. The alulated loal density of states
(LDOS) of a perfet bilayer graphene produes the main features of the observed sanning tunneling
mirosopy (STM) images of graphite at low bias voltage. Some predited features of the LDOS an
be veried by STM measurements. In addition, we also alulate the LDOS of bilayer graphene with
vaanies by using the multiple-sattering theory (satterings are loalized around the vaany of
bilayer graphene). We observe that the interferene patterns are determined mainly by the intrinsi
properties of the propagator and the symmetry of the vaanies.
PACS numbers: 73.61Wp, 61.72.Ji, 68.37.Ef
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I. INTRODUCTION
Sine Novoselov et al. fabriated ultra-thin monolayer graphite devies,
1
the eletroni
properties of a graphite monolayer (graphene) have attrated a great deal of researh interest
due to the Dira-type spetrum of harge arriers in its gap-less semiondutor material.
Many interesting properties of single-layer graphene, suh as the Landau quantization, the
defet-indued loalization, and spin urrent states, have been studied experimentally and
theoretially by several researh groups.
2,3,4,5,6,7
These non-orthodox properties, inluding
massless Dira fermions around the Dira points in the rst Brillouin zone, result from
graphene's partiular band struture.
Reent researh attention has foused on the eletroni struture of bilayer and multilayer
graphene.
8,9,10,11,12,13,14
Studies have shown that a bilayer graphene has some unexpeted
properties.
11
For example, a bilayer graphene shows anomalies in its integer quantum Hall
eet and in its minimal ondutivity on the order of e2/h. The ommon and distintive
eletroni features of single-layer and bilayer graphene are highlighted in Ref.[15℄. Charge
arriers in a bilayer graphene are mainly quasipartiles with a nite density of states at zero
energy and they behave similar to onventional non-relativisti eletrons. Like the relativisti
partiles or quasipartiles in single-layer graphene, we an desribe these quasipartiles by
using spinor wavefuntions. Although these `massive hiral fermions' do not exist in the eld
theory, their existene in ondensed-matter physis oers a unique opportunity to investigate
the importane of hirality and to solve the relativisti tunneling problem.
The unusual physial properties of bilayer graphene are attributed to two key fators.
(i) The relatively weak inter-layer oupling. Bilayer graphene inherits some properties from
single-layer graphene material, suh as the existene of Dira points in the rst Brillouin
zone and the degeneray of eletron and hole bands. (ii) The speial geometry of bilayer
graphene with the Bernal staking (A-B staking) between adjaent graphene layers. There
are two kinds of nonequivalent sites (A and B) in eah layer as shown in Fig.1(a) and 1(b).
Experimental sanning tunneling mirosopy (STM) graphite images at low bias voltage
have veried that only site B is visible and exhibits a triangular struture. In addition, the
orbital overlap oupling between two adjaent layers is ontributed mainly by the arbon
orbitals at site A.
16,17,18
To date, few analytial studies that attempt to unover the unique
eletroni properties of the bilayer graphene have been done.
12
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In this paper, we rst develop an analytial formula of eletroni struture in a bilayer
graphene with the Bernal staking based on real-spae free Green's funtion (propagator)
and the eetive-mass approximation. We observe that the physial properties of the bilayer
graphene are losely related to its propagator and the bilayer graphene behaves similar to a
massive hiral Fermions system. Sine the loal density of states (LDOS) an be measured
by STM, we then ompute the LDOS of graphene in various forms based on Green's funtion
expliitly. Finally, we highlight the impat of vaanies' patterns (in terms of their geometry
and symmetry of the omputed LDOS) on interferenes in STM pitures.
II. A REAL-SPACE GREEN'S FUNCTION AND ELECTRONIC STRUCTURE OF
PERFECT BILAYER GRAPHENE
In what follows, we derive the analytial expression of the free Green's funtion for bilayer
graphene in real spae based on the eetive-mass approximation. Bilayer graphene onsists
of two hexagonal lattie layers oupled by the Bernal staking as shown in Fig.1 (a) and (b).
In eah layer, there are two nonequivalent sites, A and B. Type-A atoms have diret neighbors
in their adjaent layer, but type-B atoms do not and loate at hollow sites. We assume that
there is one valene eletron per arbon atom in a bilayer graphene. Provided that the
dierene between wavefuntions orthogonal to the graphene plane an be negleted, the
bilayer graphene an be modeled as an eetive two-dimensional system. Sine the physial
properties of graphene are determined by π bands near the Dira point, only the ontribution
from the π band is onsidered in this paper. We further limit our analysis by onsidering
only the nearest interations of the graphene's pz orbitals. The tight-binding Hamiltonian
of the bilayer graphene is
H =
∑
i
ǫ2p(|i〉11〈i|+ |i〉22〈i|)
+V1
∑
〈ij〉
(|i〉11〈j|+ |i〉22〈j|+ h.c.)
+V2
∑
〈ij〉
(|i〉12〈j|+ h.c.) (1)
where 〈r|i〉l, l = (1, 2) is a wavefuntion at site i at layer l. ǫ2p is the on-site energy, V1
is the nearest hopping parameter within the layer and V2 is the nearest hopping parameter
3
between two layers. Our presented alulations are onduted with ǫ2p = 0eV , V1 = −3.0eV
and V2 = 0.4eV .
The Bloh orbits for two nonequivalent sites, A and B, are written as |kA〉l =
1√
N
∑
jA
eik·rjA |jA〉l , |kB〉l = 1√N
∑
jB
eik·rjB |jB〉l. The summation overs all sites A and B on
layer l. rA and rB denote the real-spae oordinates of sites A and B, respetively. Here, N
is the number of unit ells in the rystal. The Hamiltonian an be rewritten as
H =


ǫ2p V1µ
∗ V2 0
V1µ ǫ2p 0 0
V2 0 ǫ2p V1µ
0 0 V1µ
∗ ǫ2p


, (2)
where µ = eikya + ei(−
√
3akx
2
− aky
2
) + ei(
√
3akx
2
− aky
2
)
and a = 1.42Å is the - bond length. By
dening the retarded Green's funtion as, Gret0 = 1/(ε−H + iη), where η is an innitesimal
quantity, we obtain the reiproal spae Green's funtion for bilayer graphene
Gret0 (k, ε) =
1
∆


t(t2 − V 21 µµ∗) V1µ∗(t2 − V 21 µµ∗) t2V2 tV1V2µ
V1µ(t
2 − V 21 µµ∗) t(t2 − V 21 µµ∗ − V 22 ) tV1V2µ V 21 V2µ2
t2V2 tV1V2µ
∗ t(t2 − V 21 µµ∗) V1µ(t2 − V 21 µµ∗)
tV1V2µ
∗ V 21 V2µ
∗2 V1µ∗(t2 − V 21 µµ∗) t(t2 − V 21 µµ∗ − V 22 )


(3)
where ∆ = (t2 − V 21 µµ∗ − tV2)(t2 − V 21 µµ∗ + tV2) and t = ε − ǫ2p + iη. From ∆ = 0, the
dispersion relation is expressed as ε = ±V2
2
±
√
(γk)2 + (V2
2
)2 with γ = 3aV1/2, whih is
onsistent with the previous theoretial result.
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The real-spae Green's funtion of the bilayer graphene an be derived by taking the
Fourier transform of Gret0 (k, ε). For simpliity, these alulations are arried out around
six orners in the rst Brillouin zone within the low-energy region based on the eetive-
mass approximation,. Six Dira points an be divided into two equivalent sets of points,
K1, K3, K5 and K2, K4, K6, whih are shown in Fig.1(). They form two 360◦ integrals
around K1 and K4. By using the mathematial relation
eik·(rµ−r
′
ν) = J0(k|rµ − r′ν |) + 2
∞∑
n=1
inJn(k|rµ − r′ν |)cos(nϕrµ,r′ν ),
where (µ, ν) = (A,B), ϕrµ,r′ν is the angle between k and rµ−r′ν , and Jn is the type-I n-order
Bessel funtion. We an simplify the real-spae Green's funtion of the top layer (l = 1) to
4
Gret0 (rA, r
′
A, ε) = cos[K
1 · (rA − r′A)]·F1(|rA − r′A|, ε)
Gret0 (rB, r
′
B, ε) = cos[K
1 · (rB − r′B)]·F2(|rB − r′B|, ε)
Gret0 (rA, r
′
B, ε) = sin[K
1 · (rA − r′B) + αrA,r′B ]
·F3(|rA − r′B|, ε)
Gret0 (rB, r
′
A, ε) = sin[K
1 · (rB − r′A)− αrB ,r′A]
·F3(|rB − r′A|, ε), (4)
Here K
1 = (4π/3
√
3a, 0), cosϕrµ,r′ν = cos(θ − αrµ,r′ν), θ is the angle between the k and x
axis. αrµ,r′ν is the angle between rµ − r′ν and x axis. The denitions of F1,F2, and F3 are
F1(|rµ − r′ν |, ε) =
S
π
∫ kc
0
dkkJ0(k|rµ − r′ν |)
×[ t
t2 − (γk)2 − tV2 +
t
t2 − (γk)2 + tV2 ],
F2(|rµ − r′ν |, ε) =
S
π
∫ kc
0
dkkJ0(k|rµ − r′ν |)
×[ t− V2
t2 − (γk)2 − tV2 +
t + V2
t2 − (γk)2 + tV2 ],
F3(|rµ − r′ν |, ε) =
S
π
∫ kc
0
dkk2J1(k|rµ − r′ν |)
×[ γ
t2 − (γk)2 − tV2 +
γ
t2 − (γk)2 + tV2 ].
(5)
where S = 3
√
3a2/2 is the area of the unit ell in real spae and kc is the uto wave
vetor. The orresponding uto wave length 2π/kc is omparable to the lattie onstant
a. With the same approah in our previous work to solve eletroni struture in the single-
layer graphene, kc is set to be 1.71/a.
19
From Eq.(4), it is lear that the real-spae Green's
funtion of the bilayer graphene is onstruted by multiplying two terms. The rst term is
spatially anisotropi, whih an be represented by sine and osine funtions determined from
two nonequivalent sets of the Dira points as shown in Fig.1(). The seond term inluding
F1, F2 or F3 is spatially isotropi in real spae and depends only on the distane between
two sites.
5
Many physial properties of bilayer graphene an be dedued from this expliit expression.
Interestingly, when kc →∞, the funtions, F1, F2 and F3, have simple analytial forms
F1(|rµ − r′ν |, ε) =
−S
πγ2
[tK0(
it1
γ
|rµ − r′ν |)
+tK0(
it2
γ
|rµ − r′ν |)],
F2(|rµ − r′ν |, ε) =
−S
πγ2
[(t− V2)K0( it1
γ
|rµ − r′ν |)
+(t+ V2)K0(
it2
γ
|rµ − r′ν |)],
F3(|rµ − r′ν |, ε) =
−S
πγ2
[it1K1(
it1
γ
|rµ − r′ν |)
+it2K1(
it2
γ
|rµ − r′ν |)], (6)
where t1 =
√
t2 − tV2 and t2 =
√
t2 + tV2. K0 and K1 are the zero-th order and the
rst order terms of the type-I modied Bessel funtion, respetively. Compared with our
previous study,
19
the expressions of the Green's funtion derived here are the same as those
of the single-layer graphene one the nearest hopping parameter between two layers (V2) is
set to zero. That is to say, it is straightforward to ompare theoretial results of bilayer
graphene with previous theoretial and experimental data of the monolayer graphene by
setting V2 = 0.
19
Fig.2 shows the LDOS of bilayer graphene with ε=−0.1 eV. Here, the LDOS of site rµ
is alulated by setting ρ0(rµ, ε) = − 1pi ImGret0 (rµ, rµ, ε). We an learly observe the ontrast
between the LDOS at site A and that at site B. Site B is highlighted and forms a triangular
lattie with three-fold symmetry. Aording to the Terso-Hamann model
20
whih has been
suessfully used to explain experimental results,
21,22
the STM image an be simulated using
the LDOS of the sample surfae. It is reasonable for us to ompare the LDOS of bilayer
graphene with previous experimental STM observations of graphite surfaes at low bias
voltage (i.e. 0.3 V). Our alulated LDOS an learly produe the main features as shown
in several observed STM images reported in Ref.[16-18℄.
One diret approah to nd the dierene between bilayer and monolayer graphene is
to study the LDOS at sites A and B for both monolayer and bilayer graphenes. Fig.3(a)
and 3(b) present the LDOS of one arbon site (A or B) in the monolayer graphene and
two sites (A and B) in the bilayer graphene, respetively. For a monolayer graphene, sites
A and B are equivalent and thus only one urve of LDOS is shown in Fig.2(a). However,
6
these two sites are nonequivalent for a bilayer graphene. Fig.2(b), therefore, learly shows
that the LDOS of bilayer graphene at site B is greater than that at site A, when |ε| is less
than approximately 0.4 eV. This LDOS dierene leads to the brighter spots at site-B as
shown in Fig.2. When |ε| > 0.4 eV, the dierene between the LDOS at sites A and B in the
bilayer graphene gradually diminishes. This feature is easy to verify through STM dI/dV
mapping at a relatively large bias voltage. For example, sites A and B an be both observed
in STM dI/dV mapping with the applied bias voltage of 0.6 V. This phenomenon an also
be elaborated by our analyti expression of Green's funtion.
The dierene between the LDOS of site A and that of site B an be dened as
∆ρ0(ε) = −1
π
Im[Gret0 (rB, rB, ε)−Gret0 (rA, rA, ε)]
= −1
π
Im[F2(0, ε)− F1(0, ε)]. (7)
After some simple math operations, shown in Appendix Eq.(A-5) and Eq.(A-6), ∆ρ0(ε) an
be simplied to
∆ρ0(ε) =


0 |ε| > V2
SV2
2piγ2
|ε| < V2
. (8)
From this equation, the LDOS of the bilayer graphene an be divided into two regions
based on the interlayer hopping parameter V2. One region is |ε| < V2, where the LDOS of
site B is larger than that of site A by a onstant,
SV2
2piγ2
. The other region is |ε| > V2, where the
LDOS of site A equals that of site B. Our alulations agree well with our numerial results
when V2 = 0.4 eV. The alulations show the dispersion relation is approximately quadrati
dependent in the low-energy region and the results math the previous theoretial results.
12
We nd that the low-energy LDOS of both sites A and B are linearly proportional to the
energy (ε) (refer to the Appendix). Note that the LDOS of one unit ell at the very low-
energy level, however, is a onstant. The LDOS an be expressed as ρ(ε) = [ρ0(rA, rA, ε) +
ρ0(rB, rB, ε)] ≃ SV22piγ2 , whih is the same as those in the onventional two-dimensional system.
This remarkable feature of the bilayer graphene oers a diret method to measure the inter-
layer hopping parameter V2, whih is also the threshold needed to distinguish LDOS ontrast
in STM images. The intra-layer hopping parameter V1 an be dedued based on the LDOS
dierene measured aording to STM images ( ∆ρ0 =
SV2
2piγ2
with γ = 3aV1/2).
7
III. LOCAL DENSITY OF STATES OF BILAYER GRAPHENE WITH LATTICE
VACANCY
To validate the auray of real-spae Green's funtion derived in this paper, we use
the promoted formula to solve the eletroni struture of a bilayer graphene with a single
vaany. Based on the tight-binding sheme, a vaany an be simulated by introduing a
large on-site energy at the vaany site on a bilayer graphene.
23
Assuming that the single
vaany loates at site B with on-site energy U , the transport matrix or the T-matrix24,25
an be written as T = U(1− UGret0 )−1. If U is large, the T-matrix beomes
T (0, 0, ε) ≃ −Gret−10 (0, 0, ε)
= −F−12 (0, ε). (9)
Here, the position of the vaany is set as the oordinate origin. That is to say, RB = 0 in
the x− y plane. Using the Dyson equation, we have
Gret(rµ, rν , ε) = G
ret
0 (rµ, rν , ε)
+Gret0 (rµ, 0, ε)T (0, 0, ε)G
ret
0 (0, rν , ε),
(10)
where Gret(rµ, rν , ε) is the Green's funtion of bilayer graphene with a single vaany in real
spae. The LDOS on site rµ an be determined by
ρ(rµ, ε) = −1
π
ImGret(rµ, rµ, ε),
whih an be simply rewritten as
ρ(rA, ε) = ρ0(rA, ε) + sin
2(K1 · rA + αrA)H1(rA, ε),
ρ(rB, ε) = ρ0(rB, ε) + cos
2(K1 · rB)H2(rB, ε). (11)
In the above equation,
ρ0(rA, ε) = −1
π
Im[F1(0, ε)],
ρ0(rB, ε) = −1
π
Im[F2(0, ε)],
H1(rµ, ε) =
1
π
Im[
F 23 (|rµ|, ε)
F2(0, ε)
],
H2(rµ, ε) =
1
π
Im[
F 22 (|rµ|, ε)
F2(0, ε)
]. (12)
8
Fig.4(a) shows the alulated LDOS with a single B-site vaany on the top sheet of the
bilayer graphene. An interesting feature is learly observed; bright spots loalized near the
vaany around site A have nie three-fold rotational symmetry. This phenomenon an be
explained based on Eq.(11). Sine the funtion H2 in the Eq.(11) has a very small value
(lose to zero), its magnitude hanges little as the distane from the vaany inreases and
thus the magnitude of ρ(rB, ε) remains very small. Although the osine term in Eq.(11)
reahes its maximum when rB =
3
√
3a
2
n, n = 0,±1,±2 · · · , the sine funtion in ρ(rA, ε)
reahes its maximum along diretions with angles, αrA = 30
◦
, 90◦, 150◦, 210◦, 270◦ and 330◦.
Compared to H2, the value of the funtion H1 has a relatively larger value, i.e. 0.4 eV
−1
at
1.0 Å away from the vaany for ε = -0.1 eV. The funtion H1, however, deays rapidly with
inreasing distane from the vaany. Note that sites A along the diretions αrA = 90
◦
, 210◦
and 330◦ are loated loser to the vaany than those along the diretions αrA = 30
◦
, 150◦
and 270◦. The alulated site-A LDOS value is between that of the nearest and that of the
next nearest to the B-site vaany, that is 0.56 eV
−1
and 0.36 eV
−1
, respetively. Therefore,
the sites along the αrA = 90
◦
, 210◦ and 330◦ diretions are brighter than those along the
αrA = 30
◦
, 150◦ and 270◦ diretions. These bright spots show the loalized harater of
the region surrounding the vaany. By omparing to the dI/dV image of a vaany on
the single-layer graphene
19
, the enhaned loalization of LDOS in the bilayer graphene is
aused by the additional inter-layer hannel propagated from the vaany point. Green's
funtion an osillate in a signiantly longer distane starting from the vaany in the
monolayer graphene than in the bilayer graphene. The asymptoti behavior of H1 an help
us understand this phenomenon. When the distane is longer than 4.0 Å, H1 is less than 0.1
eV
−1
and thus these bright spots show the loalized harater of the region within nearest
lattie surrounding the vaany.
The LDOS with vaany near site-A is also simulated as shown in Fig. 4(b). We observe
the similar features that the vaany around site-B has bright spots with three-fold symme-
try. The alulated site-B LDOS value is between that of the nearest and that of the next
nearest to the site-A vaany, whih is between 0.35 eV
−1
and 0.23 eV
−1
.
The extension of our alulation to onsider several vaanies on bilayer graphene is
straightforward. The sattering T-matrix in Eq.(10) inludes all ontributions from va-
anies. Similar to a single-vaany ase, a large on-site energy U for all vaany sites is
used in our simulations. Fig.4() shows the LDOS near an AB-type vaany (a ouple of
9
the neighboring sites A and B) on a bilayer graphene surfae. The LDOS is still loalized
around the vaanies. However, the lear three-fold rotational symmetry disappears in this
ase. The bright spots loalized above the vaany orrespond to the B sites. Note that
the LDOS at the bright spots is about 0.03 eV
−1
, whih is less than those in Fig.4(a) and
(b) by an order of magnitude. This phenomenon results in the destrutive interferene due
to the multiple-sattering aused by two vaanies. The asymmetri pattern in Fig. 4()
reets the residual ontribution from the destrutive interferene sine two sites A and B
are nonequivalent in the bilayer graphene. Our result suggests that the interferene pattern
is determined mainly by vaanies, provided that the spatial anisotropy of the Green's fun-
tion is xed. The symmetry will be lost in LDOS whenever vaanies break the three-fold
rotational symmetry in bilayer graphene.
IV. CONCLUSION
In this paper, an analytial form of the real-spae Green's funtion (propagator) of bi-
layer graphene is onstruted based on the eetive-mass approximation. Green's funtion
demonstrates an elegant spatial anisotropy with a three-fold symmetry for defet-free bilayer
graphene. The LDOS of the bilayer graphene determines the main features of experimental
STM images on graphite surfaes with low-bias voltage. The predited features aording to
our simulated results an be veried by STM measurements. For example, two nonequivalent
atomi sites an be observed in STM dI/dV images with dierent bias voltages. The infor-
mation of interlayer and intralayer hopping strength an be dedued based on the ontrast
of STM images. Moreover, We also alulate the LDOS of bilayer graphene with vaanies
by using the multiple-sattering theory. The interferene patterns are determined mainly
by the properties of Green's funtion and the symmetry of the vaanies. One the vaan-
ies break the intrinsi symmetry of the graphene, the three-fold rotational symmetry of the
LDOS vanishes. Our model provides exat results near the Dira points. We have disovered
some interesting STM patterns of the seond layer, but these results will be published else-
where. In this paper, the bilayer graphene is desribed by using the simple non-interative
tight-binding sheme. We are urrently investigating how Coulomb interation impats the
eletroni struture of the bilayer graphene.
10
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APPENDIX
From Eq.(3), Green's funtions at the top layer in reiproal spae are expressed as
Gret0AA(k, ε) =
1
2
[
t
t2 − V 21 µµ∗ − tV2
+
t
t2 − V 21 µµ∗ + tV2
]
Gret0BB(k, ε) =
1
2
[
t− V2
t2 − V 21 µµ∗ − tV2
+
t + V2
t2 − V 21 µµ∗ + tV2
]
Gret0AB(k, ε) =
1
2
[
V1µ
∗
t2 − V 21 µµ∗ − tV2
+
V1µ
∗
t2 − V 21 µµ∗ + tV2
]
Gret0BA(k, ε) =
1
2
[
V1µ
t2 − V 21 µµ∗ − tV2
+
V1µ
t2 − V 21 µµ∗ + tV2
]
(A-1)
By taking the Fourier transform of Gret0µν(k, ε) in the rst Brillouin zone (1BZ), we an obtain
the exat expression of Green's funtion in real spae for bilayer graphene Gret0 (rµ, r
′
ν , ε) =∫
1BZ
dkGret0µν(k, ε)e
ik·(rµ−r′ν)
, where µ and ν are for site-A or site-B atoms, respetively. Based
on the eetive-mass approximation, we an sum k points near the six orners (labeled by
i = 1 ∼ 6) in the rst Brillouin zone. The real-spae bilayer graphene Green's funtion an
11
be written as
Gret0 (rA, r
′
A, ε) =
S
(2π)2
6∑
i=1
∫
dkixdk
i
y[
t
t2 − V 21 µiµ∗i − tV2
+
t
t2 − V 21 µiµ∗i + tV2
]ei(K
i+ki)·(rA−r′A)
Gret0 (rB, r
′
B, ε) =
S
(2π)2
6∑
i=1
∫
dkixdk
i
y[
t− V2
t2 − V 21 µiµ∗i − tV2
+
t + V2
t2 − V 21 µiµ∗i + tV2
]ei(K
i+ki)·(rB−r′B)
Gret0 (rA, r
′
B, ε) =
S
(2π)2
6∑
i=1
∫
dkixdk
i
y[
V1µ
∗
i
t2 − V 21 µiµ∗i − tV2
+
V1µ
∗
i
t2 − V 21 µiµ∗i + tV2
]ei(K
i+ki)·(rA−r′B)
Gret0 (rB, r
′
A, ε) =
S
(2π)2
6∑
i=1
∫
dkixdk
i
y[
V1µi
t2 − V 21 µiµ∗i − tV2
+
V1µi
t2 − V 21 µiµ∗i + tV2
]ei(K
i+ki)·(rB−r′A)
(A-2)
In Eq.(A-2), the integral around K1, K3, K5 and K2, K4, K6 an be summed together
separately to form two 360◦ integrals around K1 and K4, that is
Gret0 (rA, r
′
A, ε) =
S
(2π)2
[eiK
1(rA−r′A) + eiK
4(rA−r′A)]
×
∫ 2pi
0
dθ
∫ kc
0
dkk[
t
t2 − (γk)2 − tV2 +
t
t2 − (γk)2 + tV2 ]e
ik·(rA−r′A)
Gret0 (rB, r
′
B, ε) =
S
(2π)2
[eiK
1(rB−r′B) + eiK
4(rB−r′B)]
×
∫ 2pi
0
dθ
∫ kc
0
dkk[
t− V2
t2 − (γk)2 − tV2 +
t+ V2
t2 − (γk)2 + tV2 ]e
ik·(rB−r′B)
Gret0 (rA, r
′
B, ε) =
S
(2π)2
{eiK1(rA−r′B)
×
∫ 2pi
0
dθ
∫ kc
0
dkk2γ(−isinθ − cosθ)[ 1
t2 − (γk)2 − tV2 +
1
t2 − (γk)2 + tV2 ]e
ik·(rA−r′B)
+eiK
4(rA−r′B)
×
∫ 2pi
0
dθ
∫ kc
0
dkk2γ(−isinθ + cosθ)[ 1
t2 − (γk)2 − tV2 +
1
t2 − (γk)2 + tV2 ]e
ik·(rA−r′B)}
Gret0 (rB, r
′
A, ε) =
S
(2π)2
{eiK1(rB−r′A)
×
∫ 2pi
0
dθ
∫ kc
0
dkk2γ(isinθ − cosθ)[ 1
t2 − (γk)2 − tV2 +
1
t2 − (γk)2 + tV2 ]e
ik·(rB−r′A)
+eiK
4(rB−r′A)
∫ 2pi
0
dθ
×
∫ kc
0
dkk2γ(isinθ + cosθ)[
1
t2 − (γk)2 − tV2 +
1
t2 − (γk)2 + tV2 ]e
ik·(rB−r′A)}
(A-3)
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By using relation
eik·(rµ−r
′
ν) = J0(k|rµ − r′ν |) + 2
∞∑
n=1
inJn(k|rµ − r′ν |)cos(nϕrµ,r′ν ),
and integrating the angle part of Eq.(A-3), we an easily get Eqs.(4) and (5). If we let
kc →∞, Eq.(5) is simplied to Eq.(6).
Next, we briey derive Eq.(8). At the same site A or B, the orresponding Green's
funtions are:
Gret0 (rA, rA, ε) =
S
π
∫ kc
0
dkk[
t
t2 − (γk)2 − tV2 +
t
t2 − (γk)2 + tV2 ],
Gret0 (rB, rB, ε) =
S
π
∫ kc
0
dkk[
t− V2
t2 − (γk)2 − tV2 +
t + V2
t2 − (γk)2 + tV2 ].
(A-4)
The LDOS at sites A and B are
ρ0(rA, rA, ε) = −1
π
Im[Gret0 (rA, rA, ε)]
= − S
2(πγ)2
Im
∫ kc
0
d[
√
(γk)2 + (
V2
2
)2]
{ t
ε+ iη − V2
2
−
√
(γk)2 + (V2
2
)2
− t
ε+ iη − V2
2
+
√
(γk)2 + (V2
2
)2
+
t
ε+ iη + V2
2
−
√
(γk)2 + (V2
2
)2
− t
ε+ iη + V2
2
+
√
(γk)2 + (V2
2
)2
}
=


S|ε|
piγ2
|ε| > V2
S|ε|
2piγ2
|ε| < V2
. (A-5)
ρ0(rB, rB, ε) = −1
π
Im[Gret0 (rB, rB, ε)]
= − S
2(πγ)2
Im
∫ kc
0
d[
√
(γk)2 + (
V2
2
)2]
{ t− V2
ε+ iη − V2
2
−
√
(γk)2 + (V2
2
)2
− t− V2
ε+ iη − V2
2
+
√
(γk)2 + (V2
2
)2
+
t+ V2
ε+ iη + V2
2
−
√
(γk)2 + (V2
2
)2
− t+ V2
ε+ iη + V2
2
+
√
(γk)2 + (V2
2
)2
}
=


S|ε|
piγ2
|ε| > V2
S(|ε|+V2)
2piγ2
|ε| < V2
. (A-6)
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Then, the dierene between LDOS at A and B sites is
∆ρ0(ε) = ρ0(rB, rB, ε)− ρ0(rA, rA, ε)
=


0 |ε| > V2
SV2
2piγ2
|ε| < V2
. (A-7)
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Figure 1: (olor online) The rystal struture of a bilayer graphene. The unit ell onsists of
two layers with two nonequivalent sites: A (yellow) and B (gray). (a) Top view with surfae
unit vetors a1 and a2, (b) Side view. () The rst Brillouin zone of a bilayer graphene, where
K1∼K6 are the Dira points. These Dira points an be further divided into two nonequivalent
sets, K1 ∼ (K1,K3,K5) and K4 ∼ (K2,K4,K6).
16
Figure 2: (olor online) LDOS of bilayer graphene with ε=-0.1 eV. The LDOS at B site is larger
than that at A site, represented by the brighter ontour.
17
Figure 3: (a) LDOS of monolayer graphene on one site (sites A and B are equivalent). (b) LDOS
of bilayer graphene on two sites (sites A and B are nonequivalent).
18
Figure 4: (olor online) LDOS of vaanies in bilayer graphene. (a) single B-site vaany; (b) A-site
vaany; () a pair of AB vaany. Here,ε=-0.1 eV
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